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a b s t r a c t
By means of an almost trivial statement of matrix algebra, we prove two conjectures
proposed by Gosper and Schroeppel [R.W. Gosper, R. Schroeppel, Somos sequence near-
addition formulas and modular theta functions, arXiv:math.NT/0703470v1, 15 March
2007.] on near-addition formulas for 4- and 5-Somos sequences. A simplified proof for
an elliptic analogue of this conjecture recently shown by Cooper and Toh in [S. Cooper,
P.C. Toh, Determinant identities for theta functions, J. Math. Anal. Appl. 347 (2008) 1–7] is
also presented.
© 2009 Elsevier B.V. All rights reserved.
Motivated by their exploration of Somos sequences [10] and theta functions as well as their cryptographic applications,
Gosper and Schroeppel [6] proposed the following so-calledmagic determinant with respect to the sequence {sn}n∈Z, where
Z is the set of integers:
Ds
(
u v w
x y z
)
=
∣∣∣∣∣ su−xsu+x su−ysu+y su−zsu+zsv−xsv+x sv−ysv+y sv−zsv+zsw−xsw+x sw−ysw+y sw−zsw+z
∣∣∣∣∣ . (1)
Following Gosper and Schroeppel [6], if this magic determinant is equal to zero for all values of integers u, v, w and
x, y, z, then we call the identity (1) the near-addition formula for the sequence {sn}n∈Z. It has particularly been examined in
the cases where {sn}n∈Z is a Somos sequence or theta function sequence.
For the 4- and 5-Somos sequences [9, A006720, A006721], Gosper and Schroeppel made two additional conjectures in
the same paper [6, Conjectures 4 and 4.5]. We restate them together as the following.
Conjecture 1. For six integers u, v, w and x, y, z, let Ds(·) be the 3 × 3 matrix given as above. Define further the 4- and 5-
Somos (two-sided) sequences {an}n∈Z and {bn}n∈Z respectively by recurrence relations
an = an−1an−3 + a
2
n−2
an−4
, a0 = a1 = a2 = a3 = 1;
bn = bn−1bn−4 + bn−2bn−3bn−5 , b0 = b1 = b2 = b3 = b4 = 1.
Then we have
Ds
(
u v w
x y z
)
= 0 for sn = an and (2)
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Ds
(
u+ 1/2 v + 1/2 w + 1/2
x− 1/2 y− 1/2 z − 1/2
)
= 0 for sn = an or bn. (3)
Furthermore Gosper and Schroeppel believed, as an elliptic analogue of this conjecture, that the magic determinant Ds(·)
for sn = θi(n|τ) (the i-th Jacobi theta function; see below) is zero, on the basis of their experimentation on Jacobi theta
function identities from [13]. In a recent paper [3], Cooper and Toh proved this fact and named it the Gosper–Schroeppel
identity.
Theorem 2 ([3, Theorem 1.1]). For six complex variablesw1, w2, w3 and z1, z2, z3, and r, s ∈ {1, 2, 3, 4}, define the 3×3matrix
A(r, s) = (θr(wj − zk|τ)θs(wj + zk|τ))1≤j,k≤3 .
Then
|A(r, s)| = 0. (4)
Hereafter, we employ the four classical Jacobian theta functions
θ1(z|τ) = −iq1/4
∞∑
n=−∞
(−1)nqn(n+1)ei(2n+1)z,
θ2(z|τ) = q1/4
∞∑
n=−∞
qn(n+1)ei(2n+1)z,
θ3(z|τ) =
∞∑
n=−∞
qn
2
ei(2n)z,
θ4(z|τ) =
∞∑
n=−∞
(−1)nqn2ei(2n)z,
where τ is a complex number with positive imaginary part and q = exp(ipiτ) such that |q| < 1.
The purpose of this short note is not only to show the near-addition formula, i.e., Conjecture 1, for 4- and 5-Somos
sequences, but also to give a simpler proof of the Gosper–Schroeppel identity of theta functions. Our argument merely
relies on the following almost trivial statement of matrix algebra.
Theorem 3. For the twelve arbitrary functions {Pk(x),Qk(x), Rk(x), Sk(x)}3k=1, let A3×3 be the matrix of order 3× 3 of the form
A3×3 =
(P1(x) Q1(x)
P2(y) Q2(y)
P3(z) Q3(z)
)(
R1(u) R2(v) R3(w)
S1(u) S2(v) S3(w)
)
. (5)
Then the determinant of A3×3 vanishes, i.e., |A3×3| = 0.
Proof. Observe that for any matrix multiplication Am×n = Bm×r Cr×n, there must hold
rank (Am×n) ≤ min {rank(Bm×r), rank(Cr×n)} ,
where rank(A) stands for the rank of the matrix A. Applying this to (5) we obtain that rank (A3×3) ≤ 2, which is equivalent
to |A3×3| = 0. So the stated result follows. 
In order to facilitate the subsequent applications, we now give two special cases of Theorem 3. First, considering the
matrix product(P(u) Q (u)
P(v) Q (v)
P(w) Q (w)
)(
R(x) R(y) R(z)
S(x) S(y) S(z)
)
we have the following:
Corollary 4. Let f (x, y) = R(x)P(y)+ S(x)Q (y). Then the 3× 3 determinant
E(f ,f ,f )
(
u v w
x y z
)
=
∣∣∣∣∣ f (u, x) f (u, y) f (u, z)f (v, x) f (v, y) f (v, z)f (w, x) f (w, y) f (w, z)
∣∣∣∣∣ = 0 (6)
for all complex numbers u, v, w and x, y, z.
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Similarly, the matrix multiplication(P(u) Q (u)
P(v) Q (v)
P(w) Q (w)
)(
R(x) Q (y) Q (z)
S(x) −P(y) −P(z)
)
leads us to:
Corollary 5. Assume that f (x, y) is the same as in Corollary 4 and g(x, y) = P(x)Q (y)− P(y)Q (x). Then the 3× 3 determinant
E(f ,g,g)
(
u v w
x y z
)
=
∣∣∣∣∣ f (x, u) g(u, y) g(u, z)f (x, v) g(v, y) g(v, z)f (x, w) g(w, y) g(w, z)
∣∣∣∣∣ = 0
for all complex numbers u, v, w and x, y, z.
It is interesting to note that these two corollaries together offer a way to Conjecture 1. Before giving the proof, we first
establish the near-addition formula for special kinds of Somos sequences—elliptic divisibility sequences (for short, EDS) as
an illustration.
Example 6 (Magic Determinant of EDS). With the same g(x, y) as was defined in the last corollary, it is not hard to check that
there holds also
E(g,g,g)
(
u v w
x y z
)
=
∣∣∣∣∣g(u, x) g(u, y) g(u, z)g(v, x) g(v, y) g(v, z)g(w, x) g(w, y) g(w, z)
∣∣∣∣∣ = 0. (7)
This magic determinant implies an important near-addition formula for the EDS first introduced by Ward [12], provided
that the parameters {u, v, w, x, y, z} are confined to being integers. Recall that as a kind of special 4-Somos sequence, the
EDS{sn}n∈Z is a family of antisymmetric sequences with sx = −s−x and defined recursively by{
sx+2sx−2 = sx+1sx−1s22 − s1s3s2x
s0 = 0, s1 = 1, s2, s3, s4 ∈ Z with s2|s4.
See [9, A006769] for more details. With the help of theWeierstrass sigma function, it is easily seen that the terms of the EDS
{sn}n∈Z satisfy the Hankel determinant relation
sx+ysx−y =
∣∣∣∣sx−1sy sy−1sxsy+1sx sx+1sy
∣∣∣∣ .
Taking this recurrence relation into account and specifying further the P(x) and Q (x) above by
P(x) = sx+1sx−1 and Q (x) = s2x ,
we can evaluate the corresponding g(x, y) to get
g(x, y) = P(x)Q (y)− P(y)Q (x) = sx+1sx−1s2y − sy+1sy−1s2x = sx−ysx+y.
Therefore we obtain the near-addition formula for the {sn}n∈Z from (7):
Ds
(
u v w
x y z
)
=
∣∣∣∣∣ su−xsu+x su−ysu+y su−zsu+zsv−xsv+x sv−ysv+y sv−zsv+zsw−xsw+x sw−ysw+y sw−zsw+z
∣∣∣∣∣ = 0.
Reasoning as in the above example, we find that Conjecture 1 can be proved by the same technique. To do so, we will recall
some previously known (largely forgotten) results about general Somos 4 and Somos 5 sequences (which are different from
and not to be confused with the 4- and 5-Somos sequences). Recall that as natural generalizations of the aforementioned
4- and 5-Somos sequences, Somos 4 and Somos 5 sequences, denoted by {An}n∈Z and {Bn}n∈Z, are defined by the following
bilinear recurrence relations:
AnAn+4 = αAn+1An+3 + βA2n+2,
BnBn+5 = α˜Bn+1Bn+4 + β˜Bn+2Bn+3,
where α, α˜ and β, β˜ are constant parameters. We refer the reader to [8,11] for further details, only recalling the most
important properties:
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Lemma 7. (i) Every Somos 4 sequence {An}n∈Z is a three-term Somos m. In other words, there exists a companion EDS {Wn}n∈Z
defined by Example 6 such that for all n,m ∈ Z,
W 21 An+mAn−m =
∣∣∣∣An+1Wm Wm−1AnWm+1An An−1Wm
∣∣∣∣ and
W1W2An+m+1An−m =
∣∣∣∣An+2Wm+1 Wm−1AnWm+2An+1 An−1Wm
∣∣∣∣ .
(ii) Each Somos 5 sequence {Bn}n∈Z satisfies the same recurrence relation as Somos 4 sequences, namely
W1W2Bn+m+1Bn−m =
∣∣∣∣Bn+2Wm+1 Wm−1BnWm+2Bn+1 Bn−1Wm
∣∣∣∣ .
For detailed accounts of these results, the reader can consult [7, Corollaries 1.2, 1.3, and 2.12] and [11, Theorem 3]. With
them in hand, we are now in a position to show Conjecture 1.
Proof. This is an immediate consequence of Corollary 4, since that the k-Somos sequences are particular cases (with
α = β = α˜ = β˜ = 1 and the initial conditions Ai = Bj = 1, i = 0, 1, 2, 3, j = 0, 1, 2, 3, 4) of Somos k sequences,
for k = 4, 5. Next, proceeding as in Example 6 and according to Lemma 7, we need only set in Corollary 4 that for arbitrary
x ∈ Z,
R(x) = Ax+1Ax−1, S(x) = A2x ,
P(x) = W 2x /W 21 , Q (x) = −Wx+1Wx−1/W 21
in order to establish (2) and
R(x) = Vx+2Vx−1, S(x) = Vx+1Vx,
P(x) = Wx+1Wx/W1W2, Q (x) = −Wx+2Wx−1/W1W2,
where Vx ∈ {Ax, Bx}, in order to get (3). In each case, set f (x, y) = R(x)P(y) + S(x)Q (y). From (6), Conjecture 1 follows
immediately as the special case that an = An, bn = Bn after parametric relabeling. This completes the proof. 
The remainder of the paper is devoted to several important near-addition formulas for theta functions, which are direct
applications of Corollaries 4 and 5. Among relevant results, the simplest case already observed by Gosper and Schroeppel
in [6, p.4] is the following:
Example 8 (Magic Determinant of Trigonometric Functions). Set g(x, y) = sin(x− y) in Corollary 4. Considering the trigono-
metric identity sin(x− y) = sin(x) cos(y)− sin(y) cos(x), we recover immediately∣∣∣∣∣sin(u− x) sin(v − x) sin(w − x)sin(u− y) sin(v − y) sin(w − y)sin(u− z) sin(v − z) sin(w − z)
∣∣∣∣∣ = 0.
For the same reason, there exists an analogous result for the hyperbolic trigonometric function g(x, y) = sinh(x− y).
Continuing to work in the general setting of theta functions, we will need the well known Jacobi triple-product identity
[5, II.28]
(x, q/x, q; q)∞ =
+∞∑
i=−∞
(−1)iq
(
i
2
)
xi, (8)
which allows us to establish a more general version of the Gosper–Schroeppel identity (4).
Theorem 9 (Magic Determinant of Theta Functions). Let θ(x; q) be the Ramanujan theta function defined by
θ(x; q) =
∞∏
n=0
(1− qnx)
(
1− q
n+1
x
)
= (x, q/x; q)∞.
Then we have the following zero determinant:∣∣∣∣∣ θ(u/x; q)θ(ux; q) θ(u/y; q)θ(uy; q) θ(u/z; q)θ(uz; q)θ(v/x; q)θ(vx; q) θ(v/y; q)θ(vy; q) θ(v/z; q)θ(vz; q)θ(w/x; q)θ(wx; q) θ(w/y; q)θ(wy; q) θ(w/z; q)θ(wz; q)
∣∣∣∣∣ = 0. (9)
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Proof. According to Chu [1, Proposition 3] and Ewell [4, Theorem 1.1],
θ(x/y; q2)θ(xy; q2) = θ(x/
√
q; q)θ(−y√q; q)+ θ(y/√q; q)θ(−x√q; q)
2(−q; q)2∞
,
and we can set
R(x) = Q (x) = θ(x/√q; q)/(√2(−q; q)∞)
and
S(x) = P(x) = θ(−x√q; q)/(√2(−q; q)∞)
in Corollary 4 to get a determinant identity, which in turn coincideswith (9) under the parameter replacement q→√q. 
To see how to deduce the Gosper–Schroeppel identity (4) from Theorem 9, letting β = eiz and then applying the Jacobi
triple-product identity, we have the following alternative expressions (cf. [13, pp.469-470]):
θ1(z|τ) = −iq1/4β(q2; q2)∞θ(1/β2; q2),
θ2(z|τ) = q1/4β(q2; q2)∞θ(−1/β2; q2),
θ3(z|τ) = (q2; q2)∞θ(−qβ2; q2),
θ4(z|τ) = (q2; q2)∞θ(qβ2; q2).
From these four relations, it is not difficult to check that Eq. (9) contains all the sixteen cases of Theorem2 for r, s = 1, 2, 3, 4
as special cases.
We conclude this note with the following observation. In the context of Corollary 4, take f (x, y) to be the cubic theta
function [2]. More precisely, define
f (x, y) =
∞∑
m,n=−∞
qm
2+mn+n2xm−nym+n.
Then the zero determinant (9) immediately reduces to Theorem 4.1 of [3] due to Cooper and Toh. In fact, making the
substitutionsm− n→ i andm+ n→ j, we may reformulate the last double sum as
f (x, y) =
+∞∑
i,j=−∞
i=j(mod 2)
qi
2/4+3j2/4xiyj = R(x)P(y)+ S(x)Q (y),
where
R(x) =
+∞∑
i=−∞
qi
2
x2i, P(x) =
+∞∑
i=−∞
q3i
2
x2i,
S(x) = q
+∞∑
i=−∞
qi
2+ix2i+1, Q (x) =
+∞∑
i=−∞
q3(i
2+i)x2i+1.
In this case, Corollary 4 is quickly specialized to Theorem4.1 of [3]. In precisely the sameway, other zeromagic determinants
on cubic theta functions in [3] can also be derived; they will not be produced here.
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